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Abstract—Turbulent gas-liquid stratified flow in near horizontal, straight ducts with a regular two
dimensional wavy deformation of the interface has been studied. In this flow regime strong mean
secondary currents are observed. By applying the Generalized Lagrangian Mean Theory of Andrews and
Mclntyre (1978a) it is shown that these secondary velocities in the liquid phase may result from an
interaction between wave psuedomomentum per unit mass and mean axial velocity. This interaction takes
exactly the same form as the Craik and Leibovich ‘vortex forces’ (Leibovich 1983) for Langmuir
circulation in the oceans, but with wave psendomomentum per unit mass replacing Stokes drift. For a
particular case it is shown that the wave pseudomomentum-mean flow interaction is identical to a wave
Reynolds stress formulation. Predictions with a numerical implementation of the developed model
compares favourably with the experimental results of Suzanne (1985). © 1997 Elsevier Science Ltd. All
rights reserved.
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1. INTRODUCTION

Fully developed turbulent gas-liquid stratified flow in near horizontal ducts is considered. In the
stratified flow regime Hanratty and Engen (1957), Akai et al. (1977), Suzanne (1985) and others
have identified a subregime with quite regular deformation of the interface with 2-dimensional
waves or 3-dimensional ‘pebbled’ structures. Akai et a/. (1977) found that the auto-correlation
function for the interface location was periodic for both two and three dimensional deformations,
with less distinct periodicity for the three dimensional structure. Suzanne (1985) reported one
narrow peak in the wave-energy spectrum for the two dimensional waves and two peaks for the
three dimensional waves, one dominant and a smaller at the double frequency. He also reported
variations in the wave amplitudes across the duct with the higher amplitudes close to the lateral
walls. Together with this regular wave field, Suzanne (1985) observed strong mean secondary flow
which formed a cellular structure with two rolls in the liquid phase and two rolls in the gas phase.
Liquid was flowing up near the walls and down in the middle of the duct, and gas was flowing
down near the walls and up in the middle.

The purpose of this work is to discuss and model mechanisms generating the secondary flow
field in the liquid phase.

At least two sources for generation of such secondary flow could be considered. Turbulence
induced secondary flow (Prandtl’s secondary flow of second kind) are known to exist in pipes with
non-circular cross section. Einstein and Li (1958) showed theoretically for single phase turbulent
flow in a straight conduit that anisotropy in the turbulent Reynolds stresses may introduce axial
mean vorticity. Naot and Rodi (1982) applied an algebraic Reynolds stress model to predict
turbulence generated secondary currents in open channel flow with a free surface not disturbed by
waves, and Nezu and Rodi (1985) measured secondary velocities in open channel flow and related
these flow to the turbulence. In Naot and Rodi’s computations and the measurements of Nezu and
Rodi the secondary velocities attain their largest values close to the lateral walls with relatively
small values a few liquid heights away from the lateral walls. This coincides with Suzanne’s (1985)
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findings of no secondary currents in the middle of the duct when the interface was not disturbed
by waves. The distance from the lateral walls to the middle of the duct for Suzanne’s case was about
2.5 liquid heights. However, as already mentioned, with the onset of regular waves at the interface,
Suzanne (1985) reported strong mean secondary velocities in the middle of the duct with weaker
secondary velocities towards the lateral walls. This indicates that the secondary currents could be
induced by the wave field. In this work we focus on modelling wave generated secondary flow, and
the effect of turbulence is modelled applying a standard £—¢ model which is known not to be able
to predict turbulence generated secondary flow.

There is a resemblance between our case and Langmuir circulations occurring in the oceans.
When the wind blows over a water surface and generates waves, numerous streaks parallel to the
wind direction may be observed. Langmuir (1938) related these streaks to convergence lines
between counter rotating vortices below the surface. Different mechanisms for generating
Langmuir circulation have been proposed in the literature. Craik and Leibovich (1976), Craik
(1977) and Leibovich (1977) presented models where the vortices are induced by interactions
between the wave field related Stokes drift and a weak wind-induced shear flow. These models have
been divided into two classes denoted CL1 and CL2. Leibovich (1983) reviewed the subject and
discussed the two CL mechanisms in terms of "vortex forces’ in the vorticity equation given by

St = (W, — wSW))I.. [
~ -
Sewi Seiz

Here w*, W and i. denote Stokes drift, mean flow velocity and the unit vector in the wind direction,
respectively. x is horizontal coordinate perpendicular to the wind and y is the vertical coordinate.
Subscripts ,x and .y mean differentiation with respect to x and y.

In the CL1 models, the wave field is composed of two crossing linear waves propagating with
equal and opposite angles to the wind direction. This gives a Stokes drift which varies in the x
direction. The mean shear flow varies in the y direction and vorticity is produced by a nonzero
Sl‘u term.

The CL2 models are based on an instability mechanism. A perturbation of the mean shear flow
gives a small variation with x. Since the Stokes drift varies with y, a nonzero Sc., term induces
vorticity and cross stream motion which amplifies the perturbation.

An important difference between flow in the ocean and in ducts is the relative magnitude between
the mean shear flow and the wave perturbation. In the Craik and Leibovich models the wave field
is developed in a perturbation series in the wave steepness ¢,« 1. To first order the wave field is
given by an irrotational wave solution, with the traditional Stokes drift to second order. The mean
shear flow is assumed to be weak of o(e,). In duct flow we have a strong shear flow of O(1) giving
a rotational wave field of O(¢,). Nevertheless, Benkirane et al. (1990) applied a CL.2 model for duct
flow and obtained secondary velocities which agreed well with Suzanne’s (1985) measurements.

In a model by Nordsveen and Bertelsen (1993) it was assumed that the wave field was composed
of two crossing linear wave trains which interacted with a strong mean flow giving a rotational
wave solution. An averaging procedure (Reynolds and Hussain 1972) with a decomposition of the
flow field f into a mean component F, a wave component f and a turbulent component /* was
applied to the Navier-Stokes and continuity equations for incompressible flow. The mean flow
momentum equations became

_!

0
where V is mean velocity, p is density, P is mean pressure and V@ is the gravity force per unit
mass. Turbulent Reynolds stresses per unit mass R’ = —v'v’ were modelled with a k—e model while
the wave Reynolds stresses per unit mass R = —¥¥ were calculated from the simultaneous solution
of a momentum equation for the wave field where the mean axial velocity’s variation with depth
was taken into account. These wave Reynolds stresses became a source for mean secondary flow.
However, the predicted secondary flow were small compared with the reported experimental results
of Suzanne (1985). In this model there is an interaction between two crossing wave trains and the
vertical variation of the mean axial velocity. There is thus some resemblance to the CL1 model.

V(VV) = —— VP + V& — V-(v'v') — V-(¥), (2]
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In an attempt to analyze the strong mean flow case (duct) further, we decided to apply the
Generalized Lagrangian Mean (GLM) theory of Andrews and Mclntyre (1978a). Leibovich (1980)
applied this general theory for wave mean flow interactions to rederive the CL theories. A
motivation for adopting the GLM-theory is well expressed by Leibovich (1980): *... the
introduction by Leibovich and Ulrich (1972) of the ordering incorporated in the CL theories—an
ordering generally in accord with observed motions involving wind-generated waves and currents
in the ocean—was an essential step in the derivation of equations describing nonlinear rectified
effects of waves on currents by the CL method. By contrast, the GLM equations of AM describe
such rectified effects without the need to invoke the CL assumptions, and suggest that some of the
essential mathematical structure underlying the existence of Langmuir-circulation instability might
carry over into conditions under which the CL equations do not apply: in particular, when wave
orbital speeds are not large compared to mean currents (so the waves can no longer be essentially
irrotational) . ..”.

Craik (1982a, 1982b) applied the GLM theory in an investigation of hydrodynamic stability of
parallel shear flow. Due to a resemblance to the case studied here, we have been able to utilize
some of his results. Magnaudet (1989) made a thorough analysis of wavy stratified duct flow and
investigated also the interactions between waves and turbulence. We have not taken such
interactions into account in this work.

In section 2 we present the mathematical model and compare it with the model by Nordsveen
and Bertelsen (1993) as well as the Craik and Leibovich models. In section 3 the numerical method
is presented and in section 4 predictions with the developed model are presented and compared
with the experimental results of Suzanne (1985). A discussion of the results and the conclusions
are found in section 5.

2. THEORY

A sketch of the flow problem in a near horizontal duct is given in figure 1. A Cartesian coordinate
system (x, y, z) is used, where for a horizontal duct, x is the horizontal, spanwise direction, y is
the vertical direction and z is the axial direction. The inclination angle of the duct is denoted 7.
The bottom of the duct, the mean liquid height and the lateral walls are given by y =0, y = H,
and x = + Lw, respectively.

We investigate the flow in the liquid which is assumed incompressible and Newtonian under the
influence of a constant gravitational field. As briefly reviewed in the introduction, observation on
the flow problem considered in this paper, indicate that the flow field may be depicted as being
composed of a steady, a periodic and a randomly fluctuating (turbulent) component. The observed
(Suzanne 1985) deformation of the interface indicate that the regular interface deformation can
be modelled by linear harmonic waves. Waves tend to be linear when

¢ = max(a/l, a/H )«1 [3]

where @ and 4 are the amplitude and length of the waves, respectively. The mean secondary
velocities are small compared with the mean axial velocity. This means that

€ = max(U/Ws, VI/Ws)«1, [4]
y
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Figure 1. A sketch of the duct flow problem. (a) Axial cut. (b) Cross section.
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where U, V denote the mean velocity components in the x and y directions, respectively, and Wy
is the bulk velocity.

2.1. Conservation equations

The flow is governed by the following continuity and momentum equations

Vv =0, 5]
v, + V(w) = —%Vp+x+v<b. 6]

Here v is velocity, p is pressure, p 1s density, VO = (0, — g cos y, g sin ), X = vV?, g is acceleration
of gravity and v is molecular, kinematic viscosity. Subscript .+ means differentiation with respect
to time ¢.

We will develop the mathematical models along two paths, named the Eulerian and the GLM
approach. The Eulerian approach was used by Nordsveen and Bertelsen (1993) while the GLM
approach is novel to this work. In the following f(x, t) will denote different flow field quantities.
We use the phase average of Reynolds and Hussain (1972)

S0y = lim g A 4 ) 7

n=10

where 7 1s the period of the regular wave component, and a time average

Jix = tim - J fix. ndr. [8]

Introducing the turbulent component f” = f'— { f > and phase average [6] gives the phase averaged
Navier-Stokes equations (see Reynolds and Hussain 1972)

WD+ V-Kv)(vp) = ——:; Vipy + (XD + VD) — V(v ]

Eulerian approach. The flow field f is decomposed as /= F + f + f”, where F = f is the mean
component, f= ¢ f> — F is the wave component and f* = f — { f ) is the turbulent component.
Applying this decomposition and the averages [7] and [8] to the basic equations [5] and [6] give

VV=0 V¥<0 [10]
V-(VV) = —%VP+V<1>—V-(W)—V-(ﬁ). [

The flow studied is turbulent and we use wall functions to describe boundary conditions in the
(turbulent) log-layer away from the walls. The molecular viscosity term is therefore neglected. The
momentum equations contain now both a turbulent and a wave Reynolds stress tensor. To obtain
a closed boundary value problem, we will calculate the wave velocity field ¥ and model the turbulent
Reynolds stresses.

The momentum equations for the wave field are obtained as the difference between the phase
averaged [9] and the time averaged [11] momentum equations (see Reynolds and Hussain 1972).
These equations are simplified applying an order of magnitude analysis where we utilize that
W~ Wy, U~ V& Wy and ¥« Wg. The difference between the phase averaged and time averaged
turbulent Reynolds stress tensors are also neglected. Molecular viscosity effects are disregarded and
we do not take into account the variation in the mean axial velocity across the width of the duct.
This last simplification are not valid close to the lateral walls. However, we apply the model only
to wide duct flow and the approximation is thus believed to be good over the main part of the
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calculation domain. The momentum equations for the wave field read

Yo+ WoVE = Wi+ — /1) v, [12]
where W(y) = 1/(2Lw)jfyw Wi(x, y)dx, is the average of the axial mean velocity over the width of

the duct. The turbulent Reynolds stresses per unit mass are modelled using the generalized
Boussinesq hypothesis

¥V = v, (VV 4+ VVT) — %kﬂ, [13]

where .# is the unit tensor, & is the turbulent kinetic energy per unit mass and v, is the eddy viscosity
modelled by the k—¢ turbulence model v, = ¢.k*/e, where ¢ is the dissipation rate of k. We adopt
the transport equations for k and ¢ as given by Rodi (1980)

VVk:V-(} Vk>+v,(VV+ VVT):VV — ¢, [14]
k
\h—ﬂ_—_J
P,
V-Ve = V~(§: Ve) + i (¢1cPe — cxe). [15]

The constants in the turbulence model are given in table 4.

GLM approach. Instead of the more direct procedure for developing the mean Eulerian
momentum equations [11], we will now first develop mean Lagrangian momentum equations using
the GLM theory of Andrews and Mclntyre (1978a). These momentum equations are subsequently
converted to mean Eulerian momentum equations.

Central to the GLM description is the mapping x — x + &(x, ¢), where &(x, ¢) is a field related
to a displacement about the position x. The following notation is introduced
f(x, 1) = f(x+ &(x,1),1), and an exact Lagrangian mean operator ()“ is defined by
J(x, DF = f5(x, 1), where in our case () is the time average [8]. That is, for each x the average is
taken over the positions x + &(x, ¢). It is required that &(x, ) = 0 implying that £ is a disturbance
quantity. The fluctuation f* in the GLM theory is defined as /! = f* — f* and it follows that /' = 0.

The phase averaged momentum equations [9] are now evaluated in the displacement points
x + &, multiplied by V(x + &) and time averaged using [8]. The displacement & is related to the
phase averaged field and not the total field. The resulting equations read

DYF — P) + Vi-(#* —P) = — Vi — X* — VE-X — V(x + &) V-(vv)D [16]

0%
where 7 = p*/p + ®" — vé-v//2. Comparing with theorem I, section 3, [3.8] in Andrews and
Mclntyre (1978a), this equation has the additional term IV due to the separation of the total field

into a turbulent field and a phase averaged field. P is the wave pseudomomentum per unit mass,
which is given by

P=(P.,P,P.)=—VEV. [17]

Here, v' is the fluctuating part of the Lagrangian velocity field, which for small amplitude waves
is expressed as v' = ¥ + £-VV + O(¢}). The equations [16] are equations for the Lagrangian mean
field. In appendix A these equations are expressed in terms of the Eulerian field assuming small
amplitude waves and neglecting interactions between waves and turbulence. We obtain
V(VV) = —Vi— V¥V + ¥ x Vx V+ (V4 ) x V x (¥ — P) [18]

[N J
Y

S
with 7 = p/p + ® — V-V/2 + V-(# — P). ¥ is the Stokes drift which is defined as the difference
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between the mean Lagrangian and the mean Eulerian velocity. It should be noted that the
assumption of small amplitude waves is only used to simplify the expression for 7 and the turbulent
Reynolds stress tensor. The wave field mean flow interaction term S is also valid for large amplitude
waves. For an order ¢, disturbance & (small amplitude waves) the Stokes drift can be expressed as

¥ = EVI 4 5 EEVVV 4 0(c)). [19]

For a weak Eulerian mean shear flow of o(¢,) disturbed by a linear irrotational wave field of O(¢,),
Andrews and Mclntyre (1978a) showed [6.9] that P = # + O(c}). In that case the S-term in [18]
simplifies to the Craik and Leibovich source for Langmuir circulation

g(‘l. = ‘-’S xVxV. [20]

For waves on strong mean shear flow of O(1) P # #. The terms S and = are simplified applying
an order of magnitude analysis where we utilize that W~ Wy, U ~ V<« Wy, ¥« Wy and assume
that P, ~ P.« P. and &* ~ i« w5 For the wave field model used in this work P, = P, =0 and
#* = 0°* = 0. The momentum equations [18] are now given by

VA(VV) = —~Vr — Vv + P.W.i, + P.W.i,, 21}
I e
S, S

where n = p*/p + ®" — ¥-¥/2. The equations [21] are the mean momentum equations used in this
work. The turbulent Reynolds stresses are modelled as in [13]-15]. The wave field is given by the
solution of the momentum equations [12] and the continuity equation [10].

Taking the curl of equation [21] we obtain the vorticity equation

VXV (VV)= —V x VvV + (P..W, — P..W.)i.. [22]
Y
SQ] SQZ

Comparing with the Craik and Leibovich ‘vortex forces’ [1], we see that wave pseudomomentum
per unit mass replaces Stokes drift in the source for axial vorticity.

2.2. Boundary conditions

We assume linear waves and prescribe boundary conditions at the mean interface. The validity
of this approach is discussed in section 2.3.
The wave field. The applied boundary conditions for the wave field are

N+ Wn.=0¢ y=H., (23]
p—pgn=0 y=H, [24]
i=0 =0, [25]
i=0 x=+Ly. [26]

Suzanne (1985) reported a variation of the wave amplitude across the width of the duct with about
a doubling of the amplitude from the center towards the lateral walls. Magnaudet (1989) related
this to the lateral variation in the axial velocity with the occurrence of caustics focussing the wave
energy. However, this lateral variation in the mean axial velocity is not taken into account in our
wave field momentum equation.

We have used two models for the interface deformation 5. In the interfacial model A the interface
is deformed by two crossing wave trains propagating with equal and opposite angle to the axial
direction. This gives

n = 2a sin Bx sinfo(z — ¢t)], (27]

where a is the amplitude of each wave, f and o are wave numbers and ¢ is the wave speed. A
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corresponding wave velocity field obeying the boundary conditions, the wave continuity and
momentum equation is given by

iI = 2¢.(y)cos fx cosfa(z — c1)], (28]
5 = 2¢,(y)sin px cos[a(z — ct)], [29]
W = 2¢.(y)sin Bx sinfa(z — c1)], [30]
with B = n/(2Lw). ¢, is given by Rayleigh’s stability equation
W = )b — ki) — ¢ W = 0, [31]

where k, = /o’ + B? is the wave number. This equation subject to boundary conditions obtained
from [23]-[25] is solved numerically. ¢.(») and ¢.(p) are expressed in terms of ¢,.(y) as

6.0~ (.- %) 32)
.00 = (¢ +£ %) 331

In this first model for the interface deformation, the wave amplitude variation is overestimated.

In the interfacial mode! B the interface is deformed by one wave train propagating in the axial
direction giving no wave amplitude variation. The interface deviation and corresponding velocities
are given by

n = 2a sin[k, (z — ct)] [34]
i=0, [35]

7 = ¢, (y)ooslku(z — c1)] [36]
= ~Linlk, (z — en) [37]

¢, is once more obtained from the solution of Rayleigh’s stability equation.

The mean field. In solving the equation set, a long section of the duct is regarded. A unidirectional
uniform mean velocity field as well as a uniform turbulent field are specified as inlet conditions.
The length of the duct is adjusted entailing a fully developed flow field at the outlet of the duct.
Symmetry conditions are applied for the mean flow field at the middle of the duct x = 0. At the
bottom and lateral walls the wall shear stress 7, is found from inverting the logarithmic wall
function for the tangential velocity component Ur = u, In(Ey*)/x, where u. = \/1../p is the friction
velocity, y* = yu,/v is a dimensionless wall distance, y is the distance from the wall, x = 0.42 and
E =9.0. The wall shear stress (decomposed into the Cartesian directions) becomes the boundary
condition for the velocity components parallel to the walls. The velocity component normal to the
walls is set to zero. k and ¢ are specified in the logarithmic wall layer by k = u? /ﬁ and ¢ = u? /(ky).
At the mean interface a zero stress condition U, = 0 apply for the U velocity component. For the
V velocity component a zero mean momentum flux normal to the mean interface is specified. The
boundary condition for the W velocity component at the mean interface is prescribed by the
interfacial shear stress 7,(x) condition

w0 =BT - (38

developed by Nordsveen and Bertelsen (1993). The value 7,(0) is taken from experiments. The
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Table 1. Linearization and Taylor series expansion criteria for the
interfacial boundary conditions

a/Hy «1 ajs« | ald«1 afd:«

Table 2. Values of the above criteria where experimental data of
Suzanne (1985) and molecular viscosity are used

a/Hi ~ 0.04 aii ~0.017 ajidy ~ 6.3 ajdr ~ 0.6

boundary condition [38] models the decrease in the interfacial shear stress towards the lateral walls.
The interfacial boundary conditions used for & and ¢ are

k,=0 .»v=H, [39]
¢ =kJ(0.18H) v = H,. [40]

These interfacial conditions for k& and ¢ were used by Celik and Rodi (1984) for turbulent open
channel flow and the boundary condition for € was chosen to obtain the correct decrease in eddy
viscosity towards the interface. A zero gradient condition for ¢, together with the k—¢ turbulence
model used here was found to give the maximum eddy viscosity at the interface.

2.3. Validation of the interfacial description

In the above presented model boundary conditions for the mean and wave field are prescribed
at the mean interface y = H,. Some remarks about the validity of this approach are appropriate.
The usual conditions for Taylor series expansion and linearization of the free surface boundary
conditions about a mean free surface are a/A« 1 and a/H, <1 (¢;«1). Longuet-Higgins (1953)
pointed out the existence of a viscous oscillatory boundary layer at a free surface disturbed by
waves. The thickness of this layer is approximately given by d, = (2v/w)'?, where o is the wave
frequency. The corresponding condition for the Taylor series expansion and linearization about
the mean surface is a/d,« 1. In our case we also have a mean boundary layer d, at the interface
due to the mean shear stress from the gas. The phase averaged interface is given by y = H, + 7.
Turbulent fluctuations at the interface are ignored and we Taylor series expand the kinematic
interfacial boundary condition for the wave field about the mean interface and neglect all nonlinear
terms but one. The condition then reads

N+ (W+gWom.=¢. [41]

The nonlinear term can be neglected if aW ., /W = /8.« 1 with §, = W/W,. The second boundary
layer can be stipulated using the relation t,/p = (v,)W, at the interface with v, = 1.0 x 10~¢ m?/s,
the molecular viscosity. This gives a minimum thickness of 4, since some turbulence will remain
even at the interface entailing a larger eddy viscosity.

It i1s now interesting to check the linearization criteria, listed in table 1, applying physical data
listed in table 3. Molecular viscosity is used to calculate both §, and J,. The result is presented
in table 2. The third criterion in the table 1 is hardly fulfilled while the last criterion possibly is,
depending on the eddy viscosity.

The conclusion is that the separation into a mean, a wave and a turbulent field with boundary
conditions prescribed at the mean interface cannot capture the effect of the oscillatory boundary
layer 8, in Suzanne’s experiments (1985), but the thicker possible more important mean flow
boundary layer 6,, can be modelled. This is reflected in our momentum equation for the wave field
where viscous effects are neglected.

Table 3. Experimental data of Suzanne (1985)

Ti/p ~ 0.000256 m?/s? Wi ~05m/s  a~0.0017m H.~003m A~0.Im w~ 55Hz
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2.4. Comparison between the Eulerian and the GLM approach

We will no compare the Eulerian approach used by Nordsveen and Bertelsen (1993) and the
GLM approach used in this work. In the two mean momentum equations [11] and [21], the possible
wave field source for mean secondary velocities is represented with the wave Reynolds stress tensor
and the wave pseudomomentum term S = Sii, + Sii,, respectively. Taking the curl of these
equations, developing the vorticity equation, the gradient terms disappear and it follows that

V x [V -0)] = (P-u W, — P, Wi [42]
e
SQI SQQ

We will verify this equality for the wave field given by {23]-[33] which is based on a W-velocity
averaged over the width of the duct. The equality [42] is then reduced to

V x [=V-(W)] = P..W,i.. [43]
—
Sata

The displacement field &, needed to calculate P, is developed in appendix B and reads

g = %%f sin[u(z — )] [44)

2¢, (})sm B‘c

& = 2OF — sin[a(z — c¢t)] [45]

Z = ;(2W8if ’f,f (;(Vuf’ ) g, (y))cos[a(z — ). [46]

From the wave field velocities, the displacements and the mean axial velocity, it follows that
P, = P. =0 and the axial component P. and Sq,, become

sin’fx - B ., 24t
e
So = —28 sin(zﬂx)<_WH’_-;C)[ ﬁzﬁ 5+ ] (48]

Inserting the wave field velocity components [28]-{30] in the left hand side of [43] the identical
expression is obtained. The source [48] was the one used by Nordsveen and Bertelsen (1993).

With the GLM approach the secondary velocity source is expressed as a product of wave
pseudomomentum per unit mass and mean axial velocity. This means that even though the
transversal mean shear is disregarded in calculating the wave field (and pseudomomentum), it can
be taken into account in the source term. Doing this we model the effect of both the Sy and Sg;
terms.

2.5. Stokes drift

Andrews and Mclntyre’s generalized Stokes drift follows from the Stokes correction equation
[19] and is given by

Vi %EE:VVV + 0. [49]
L_V_J \__V._J

V V5

The term ¥ is the original Stokes drift term and ¥ is an additional term due to the curvature of
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F=kegV

2]

gz(F) =0

—_W %(P) = Const.
F ™

W\

N )

Figure 2. Sketch of solution procedure.

L(V)

the mean O(1) velocity field. Introducing wave field velocities and disturbance field for crossing
waves and the mean axial velocity in [49], it follows that #* = #* = 0 and

w' = B, COSzﬂ\ - B SinzﬁX’ [50]
where
B, = M—
a(W - ¢)

_ Zdz(ﬁx ﬁ_z E ¢r W\ 2¢5 d’? W_\)
B = BRE(W — ¢) [¢ + (2 2T a‘*) W — c] YWt — o

3. NUMERICAL METHOD

The general purpose computer code PHOENICS (Rosten and Spalding 1987) has been adjusted
to solve our boundary value problem. In PHOENICS a Cartesian, staggered grid is adopted, and
a control volume method is applied to develop finite difference equations which are solved in an
efficient forward marching solution procedure. That is, the equations are parabolized in the axial
direction and two dimensional equation systems are solved over the cross section, starting at the
inlet of the duct with prescribed boundary conditions, marching downstream until a fully developed
state is obtained. See figure 2.

4. PREDICTIONS

Predictions with three different models have been performed. In models 1 and 2 we used the
interfacial model A with crossing waves. In model 1 only the S, source in [21] was taken into
account. From the analysis in section 2.4, model 1 is the GLM counterpart of the model developed
by Nordsveen and Bertelsen (1993). In model 2 both the S, and the S, sources were taken into
account. In model 3 we used the interfacial model B, with a wave train propagating in the axial

Table 4. Constants in turbulence model
¢, = 0.09 or = 1.0 g = 1.3 o, =144 =192

Table 5. Constants in wave model
a=0.0012m o=6283m"' B=n/Q2Lw) k.=64T7Tm™’
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Table 6. Other model parameters
Hi=0.0315m Lw=0.1m 7,(0) = 0.256 N/m? Ws = 0.476 m/s

direction. With this interface description only the S, source is nonzero. The model parameters are
as given in tables 4-6.

4.1. Wave field

We compare our rotational wave field solution with an irrotational wave field for two crossing
wave trains. The irrotational wave field is the solution of the Laplace equation with the same
boundary conditions as applied for the rotational wave field. The solid line in figure 3(a) represent
the mean axial velocity averaged across the width of the duct. The rotational wave field is based
upon this velocity distribution. The dotted line in figure 3(a) represent the cross section averaged
mean axial velocity Ws.

In figure 3(b) we have plotted wave pseudomomentum per unit mass and Stokes drift at the
lateral walls where they obtain their largest values. The solid and dashed lines is respectively the
wave pseudomomentum and generalized Stokes drift for the rotational wave field, while the dotted
line is the wave pseudomomentum and Stokes drift for the irrotational wave solution, which to
second order in ¢, are identical. The generalized Stokes drift attains negative values close to the
interface and is significantly different from the Stokes drift based on the irrotational wave field.
Wave pseudomomentum is quite similar for the two wave fields. Since in the duct flow problem
it is pseudomomentum which enters the source for secondary velocities, it follows that these sources
is qualitatively similar to Craik and Leibovich sources for Langmuir circulations where Stokes drift
based on an irrotational wave field is used. This support the findings of Benkirane et al. (1990)
who applied a CL2 model to predict secondary velocities comparing well with the duct flow
measurements of Suzanne (1985).

The amplitude of the wave field velocity components, given by 2¢., 2¢, and 2¢. in [28]-{30],
are plotted in figure 4. Here the solid lines represent the rotational wave field and the dotted lines
gives the irrotational wave field. Most noticeable is the decrease in the amplitude of the axial wave
velocity 2¢. towards the interface for the rotational wave field. This is caused by the increase of
the mean axial velocity towards the interface, as seen in figure 3(a), and is an effect of the mean
boundary layer .. The wave speed ¢ is predicted to be 0.883 m/s while Suzanne (1985) measured
¢ = 0.88 m/s in the central part of the duct. The maximum axial velocity W is about 0.6 m/s giving
¢ > max(W) which implies that there is no critical layer present. This is important since the validity
of the mapping in the GLM theory fails with the presence of a critical layer.

(a) (b)
y/Hp1.0 . r y/HL —
: .o} ]
0.81 T 0.8}
0.6} 0.6 r
0.4 1 0.4}
5
0.2} 1 0.2
. 0 I
% 0.5 1.0 1.5 -0.02-0.01 0 0.01 0.02
W/WB ws(Lwry)/WB, Ps(Lway)/WB

Figure 3. (a) Averaged axial mean velocity. (b) Stokes drift and wave pseudomomentum at lateral wall
for crossing wave trains. Dotted line is Stokes drift and wave pseudomomentum for irrotational waves.
Dashed and solid lines are Stokes drift and wave pseudomomentum for rotational waves, respectively.
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1.0 - 1.0 v 1.0 r
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0.6} ﬁ 0.6 ( 1 0.6 F -
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1] — - 0 L 0 A
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Figure 4. Amplitude of wave field velocity components for crossing wave trains. Rotational
solution—solid line. Irrotational solution—dotted line.

4.2. Mean axial vorticity sources

The vorticity source So and Sq, for crossing waves (rotational) are shown in figures S and 6,
respectively. In figure 7, S, for the wave field used in model 3 is plotted. In model 1 and model
2 the wave amplitude in the middle of the duct is zero. In model 3 the amplitude is the same all
over the width of the duct. Suzanne (1985) reported about a doubling of the amplitude from the
middle towards the lateral walls. We chosen the amplitude 2a to be less than the measured value
close to the lateral walls and larger than the measured amplitude in the middle of the duct. It follows
that Sy, in the central part of the duct is underestimated in figure 6 and overestimated in figure
7. Close to the lateral walls S, is underestimated for both models 2 and 3. It is seen that Sg is

Interface

Bottom Lateral wall

Figure 5. The vorticity source Sai (Hi/ W), crossing waves.

Middle of duct Interface

Bottom Lateral wall

Figure 6. The vorticity source Sg (Hy/Ws), crossing waves.
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Middle of duct Interface

Bottom Lateral wall

Figure 7. The vorticity source So: (Hi/Ws)?, model 3.

up to one order of magnitude larger than Sp,. Utilizing that max(sin fix cos fx) = 1/2 and that the
wave field decrease exponentially (approximately) with depth we have

max(Sa) = max(P-. W,) ~ max(BP.W,) [51]

max(§m) = max(P., W) ~ max(2k,P.-W,). [52]
For the case simulated f ~ 16 and &, ~ 64 giving that

max(P-,) ~ 8max(P..). [53]

Away from the lateral walls W, is larger than W, due to the imposed shear stress from the gas
while close to the lateral walls W, is slightly larger than W,. We conclude that the large difference
in the two sources is mainly caused by a larger gradient of wave pseudomomentum with depth
than in the spanwise direction. With considerable longer wave lengths in the axial direction and
the same wave length in the spanwise direction we would, with the proposed model, obtain
Sat ~ Sox or even Sy > Sy. However, to our knowledge, such flow conditions (very long
waves—secondary flow) have not been reported in the literature.

4.3. Mean secondary velocities

In figure 8 vector plots of the secondary motions are presented over half the cross section. In
figure 9 predicted vertical velocities are compared with experimental results of Suzanne (1985) for
three different verticals. All three models predicts secondary velocities flowing up at the walls and
down in the middle of the duct. Model 1 fails to reproduce the observed strength of the secondary
velocities. This indicates that the interaction between the lateral variation of the wave field and
the vertical variation of the mean axial velocity are not the cause for the strong mean secondary

Interface

[em resaze]

Center line

R T
[ e
T

¢ - e e— e N

. v . e e s % et e e b e b > > - > —p > S - s s —r . o> - - - s s s

N % e e s . e e s e b et b - me e wh W b o b P > - e e s s = em = W - w = e o s

A s e o e e = am wm s o» = o e o6 o e me o s e e —e o> o aw v ea o e o s e o = e e o

Y
]___ < 10 m/s Bottom wall

Figure 8. Secondary velocity field.
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Figure 9. Vertical mean velocity 0, 6 and 9.3 cm from the middle of the duct. Triangles represent
experimental results of Suzanne (1985). Lines represent simulations. Dotted line—model 1, dashed

line—model 2, solid line—model 3.

velocities. Model 2 predict velocities with the correct magnitude at the walls, but not in the middle
of the duct, while model 3 reproduce secondary velocities of correct magnitude at all three verticals.
The interaction between the vertical variation of the wave field and the lateral variation of the mean
axial velocity gives mean secondary velocities of correct magnitude. As discussed above the mean
axial vorticity source (secondary velocities) is underestimated in the middle of the duct in model
2. Close to the lateral wall, figure 9(c), the predictions shows a different behavior than the
experiments with higher values close to the bottom. This may be due to the neglect of the horizontal
shear flow when calculating the wave field. Especially close to the lateral walls the shear is large
with a possible important influence on the wave field. Another limitation in our model is the neglect
of turbulence generated secondary velocities known to exist in corners.

4.4. Mean axial velocity

In figure 10 predictions and experimental results (Suzanne 1985) of mean axial velocities are
shown. Again best agreement between predictions and experiments are obtained for model 3.
However, the axial velocity is overpredicted in the middle of the duct and underpredicted close
to the lateral wall. This underprediction of lateral mixing can be caused by both slightly too small
secondary velocities and too small eddy viscosity.

Ocm 6cm 9.3cm
10 ™ T‘: T 1.0 A\l "- T T 10 Ty . T v T
y/Hy ;_s{ :
08} i o8t I 08} J
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0
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Figure 10. Axial mean velocity 0, 6 and 9.3 cm from the middle of the duct. Triangles represent
experimental results of Suzanne (1985). Lines represent simulations. Dotted line—model 1, dashed
line—model 2, solid line—model 3.
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5. DISCUSSION AND CONCLUSION

In this paper mechanism for generating secondary velocities in regular wavy stratified duct
flow has been analyzed. The flow field was decomposed in mean, regular linear wave and
irregular turbulent components. In ducts the mean shear flow is of O(1), and the linear wave
field of O(e;) becomes rotational. The Generalized Lagrangian Mean (GLM) theory of
Andrews and Mclntyre (1978a) was used to develop an expression for the wave-mean flow
interaction. For a particular case it was shown that the GLM formulation is identical to an
Eulerian approach with wave Reynolds tensor formalism. However, the interpretation of the
wave-mean flow interaction is significantly different in the two approaches. In the Eulerian
approach the wave Reynolds tensor is given the interpretation of stresses acting upon the mean
flow in such a way that mean secondary velocities are induced. In the GLM approach secondary
velocities result from an interaction between wave pseudomomentum per unit mass and mean
velocity.

The direct interactions between waves and turbulence are disregarded. A discussion of the
oscillatory boundary layer at the interface indicate that including such effects cannot be done with
prescribed boundary conditions at a mean interface as used in this work. This was also concluded
by Magnaudet (1989) who proposed to solve phase averaged momentum equations in curvilinear
coordinates avoiding Taylor series expansions about a mean interface.

We have compared our model for duct flow with Craik and Leibovich (1976, 1977) CL models
for Langmuir circulation in the oceans. In the CL models, an O(¢7) Stokes drift (based on a linear
O(¢)) irrotational wave field) interacts with a weak mean flow of o(e,) and generates secondary flow.
In the above models the mechanisms are exactly the same in duct flow as in the ocean, but with
wave pseudomomentum per unit mass replacing Stokes drift. It is then interesting to note that for
the irrotational wave field applied in the CL models, Stokes drift and wave pseudomomentum are
identical to O(¢}). Our numerical predictions shows that for our rotational wave field applied in
ducts the generalized Stokes drift and wave pseudomomentum are significantly different. However,
wave pseudomomentum for the irrotational and the rotational wave field are quite similar. This
support the findings of Benkirane et al. (1990) who applied a CL2 model with irrotational wave
field to predict secondary velocities comparing well with the duct flow measurements of Suzanne
(1985).

In solving the coupled equation system the horizontal gradient in the mean axial velocity is
disregarded in calculating the wave field, but taken into account in the source 8§ = )i, + Shi, in
[21] generating the secondary velocities. The predicted flow field compared favorably with the
experimental results of Suzanne (1985). We discussed the different mechanisms for generating
secondary velocities in terms of mean axial vorticity sources [42] and observed that the S, source
was up to one order of magnitude larger than the Sq, source. That is, the secondary velocities is
mainly generated through an interaction between the lateral gradient in the mean axial velocity
and the decrease width depth of wave pseudomomentum.

With the wave field used the gradients of pscudomomentum is about 8 times larger in depth than
in the spanwise direction. The spanwise gradient of the mean axial velocity close to the lateral walls
become of the same order of magnitude as the vertical gradient of the axial velocity close to the
interface. In combination this gives a Sp, source larger than S, . It is worth to note that with
considerable longer wave lengths in the axial direction and the same wave length in the spanwise
direction we would, with the proposed model, obtain Sy, ~ So,. We have, however, no evidence
for the existence of such a flow field.

A limitation in our implementation is the neglect of the spanwise variation in the mean axial
velocity when calculating the wave field (and the pseudomomentum). The horizontal gradient of
the axial velocity is large close to the lateral walls and an improvement at this point could be
considered. This is especially so since the comparisons between our predictions and Suzanne’s
experiments showed the largest discrepancy close to the lateral walls. However, near the lateral
walls one also expect turbulence induced secondary velocities. The k—¢ turbulence model used in
this work is not capable to predict this and the discrepancy could therefore partly be caused by
the applied turbulence model.
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APPENDIX A

Mean Lagrangian to Mean Eulerian Momentum Equation

In section 2.3 we discussed the validation of the Taylor series expansion and linearization about
the mean interface. It was argued that the effect of a thin oscillatory boundary layer at the interface
could hardly be captured by such an approach. On the other hand the mean boundary layer was
found thick enough to justify this approach. In this work we neglected the effect of the oscillatory
boundary layer and apply Taylor series expansion and linearization about the mean interface.

A variant of theorem I in Andrews and Mclntyre GLM theory (1978a), developed in section
2.1, reads

DYF — P) + Vi-(7* — P) = —Vr — Xt — V&X' — V(x — &)-V<VvD, [54]
A v J L—V_J L_W_—J A ~ J
I 1T 11 v

where 7 is given by

L SR S
n-pp 2vv-l-CI). [55]

Term I. In the case studied, the mean Lagrangian velocity as well as the pseudomomentum are
independent of time, and term I is readily shown to obey the relation

FLVE — P) + Vit-(#* — P) = —¥" x V x (#* — P) + V[i*-(F* — P)]. [56]
“ v /) . —~— /) . —
I Ia Ib

The relation between the mean Lagrangian velocity, the mean Eulerian velocity and the Stokes
drift is

V=V +. [57]
Using this relation, term Ia may be transformed to
VVV ¥ XxVxV_-(V+¥F)xVxF—P)—12V(V-V). [58]
\___V__J
Ic

The terms Ib and Ic are gradient terms and are included in term II.
Term II. With the above terms Ib and Ic, © becomes

7r:%pL~%vf~vf——%V-V+\7L-(VL—P)+<T)L. [59]
Ha IIb  Ilc 11d Ie

Assuming small displacements, a Taylor series expansion gives
. 1
v¢=V+€'+§~Vv+§§§:VVV+0(|€|3). (60]
With this expression for v, IIb can be expressed as

_1v:.v£= —-I-V-V— 1= s

3 3 F V¥ - V- [61]
The term IId is rearranged as
VL —P)=V-V4+ V-F -P)+ V. [62]
It is now straightforward to rewrite = as
n=%ﬁL—%ﬁ+(§L+V-(VS—P). [63]

MF 233 —E
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Term I1I. The flow studied is turbulent and we use wall functions to prescribe boundary
conditions in the log-layer away from the walls where the viscous term is negligible. Accordingly
term III is neglected.

Term IV. We introduce the following definitions:

(FYy = V-vvD, [64]
F=Vvvy, [65]
F=F ~-F [66]
With these definitions, the term IV can be written
Vix + &) <F>. [67]
Inserting the Taylor series expansion of (F(x + &, 7)) about x
F(x + &, 1)) = (F(x. 1)) + V<F(x, 1)>-& + O(E[) [68]
into [67] gives
IV = F(x, 1) + VE-F(x, t) + & VF(x, 1) + O(|E]), {69]

where the relations F = 0 and E = 0 have been used. In this work the direct interaction between
turbulence and waves has been neglected. That implies F =0, and in accordance with this
simplification only the first term is retained and IV becomes

IV=Vyvyy, [70]
The mean Eulerian momentum equations are written as
VVV= V- Vv + P xVxV4+(V+7)xVx F —P), [71]
. Y J
S
where
n=%ﬁL—%ﬁ+(T)L+V-(VS—P). [72)
APPENDIX B

The Displacement Field

From a given perturbation velocity field the corresponding displacements are developed. This
was done by Craik (1982a) for one plane wave (Fourier component) disturbing a unidirectional
mean shear flow. The wave field with the interfacial model B in section 2.2 is the same as the one
Craik used. The corresponding displacements for this case are presented below and we refer to
Craik (1982a) for more details. In the interfacial model A the interface deformation was composed
of two crossing plane waves. We show the development of the displacements for this wave field.

Interfacial model B
A unidirectional, O(1) shear flow [0, 0, W(y)] is perturbed by an O(¢,) wave disturbance given by

=0, {73]
& = qreal[¢, (y)e* =], (74]
W = ¢ real[—ip.(y)e*c ], [75]

where

¢-(y) = —d.. k.. [76]
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The displacements were given by Craik (1982, [3.2]) and read

5.\' = 0, [77]

_ _ib__l_  (z— o 2
&, kO — )m[/c.‘.(z ct)] + O(e), (78]

£ = —(LV—‘PQ)— + ¢:(y)> coslk, (z — e1)] + O(). [79]

1
k(W — ¢) kAW — ¢)

Interfacial model A
A unidirectional, O(1) shear flow [0, 0, W(y)] is perturbed by an O(e,) wave disturbance given by

1 = ¢rreal[2¢.(y)cos fxe™ ~ <], [80]
7 = ¢real[2¢,(y)sin fxe™C~ e, [81]
v = ¢ real] —i2¢-(y)sin fxe"~ e, [82]

where ¢.(y) and ¢.(y) are given by

/3 d) W
- /3 b,
¢_~(,V) - (¢1\ W C) [84]

The velocity field is temporarily multiplied with the exponential growth term e”. A fluid particle
in the position (Xo, Y, Zo) at some initial time # has the position (X, Y, Z) for ¢t > 1, given by

X(t)=Xo + fu[X(s), Y(s), Z(s)}ds, [85]
Y)=Y,+ fv[X(s), Y(s), Z(s)]ds, [86]
Z(ty=2Zy + JIW[X(S), Y(s), Z(s)]ds, [87]

where u, v and w are the velocity components. To O(1) only the mean axial flow exists and we
obtain

X(1) = X, [88]
Y(1) =Y, [89]

Z(t) = Zo + W)t — o). [90]
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To O(e) also the wave perturbation velocity components contribute to the position (X, Y, Z). The
derivation of the X(¢) coordinate will be given in some detail.

X(t)=X,+ e.real[‘[ 2¢.(Yo)cos BXpe @+ Ho "“"“’e“"dsjl [o1]

2¢.(Y X v
=X+ e,realli———————(p (;V fcco)s f e ”'o>(1-11)] [92]
= e[ia( W—o)+alt [93]
II — e[iz( W=+ n‘][“. [94]
The perturbation is assumed to grow initially from zero to a small O(¢,) value, when ¢ — 0. That
is, we put ¢ = 0 in /. In addition we choose 1, = — oo which gives IT = 0. X(¢) is then given by
X(t) = Xo + ereal ————————2¢ (¥oJeos fXo gHE N [95]

| o W—c)

Similarly, one finds that Y(r) is given by

[ 26, (Yo)sin BXo
= Y Pt P Sl ix(Z — ct)
Y(¢) » + ¢ real i o e [96]

To O(¢,) there will beAan extra contribution from the primary flow to the Z(¢) coordinate. A Taylor
series expansion of W(Y) about Y, reads

W(Y) = W(Yo) + W,\(Yo)elreal[%—é/i"_)—sé—r;—f_%g gtz - "’e"’:' + 0, [97]

where o is still retained. The Z(¢) coordinate is now found to be

. 1 _ W}(Yﬂ)zd).\'(YO) ) sin ﬁXO iz — ety
Z(t) = Zy + WYt — 1) + elreal[<———————m(W = 12¢_.(Y0)> YT s C=e], (98]
The displacements to O(¢;) are hence given by
Eo=2¢ real[?;((y%(?%E e "], [99]
£ =2 real[—————d) (() s f)x e ~>} [100]
_ W ¢ (y) sin fix iz — e
é.——Ze,real[( 2O — —ip.(y ))————ia(W_C)e ¢ :| [101)

Note the change from X, to x, ¥, to y and Z, + W(Ys)(t — t,) to z in accordance with the GLM
description.



